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Structure refinement

= Crystallographic structure determination workflow

Purified Experimental Il
: —> Crystals =—> —> approximate
object Data model _‘
Validation ”
Mocllell —> Refinement —> And —> Dep(.)srt.lon
Re-building <— : (publishing)
analysis

= Structure refinement: modify model parameters to describe the
experimental data as good as possible

Calculate
Initial model — model structure < 1
factors Modify
i model — Improved model
Correct for bulk parameters
solvent and 3

other scaling



Structure refinement

Model parameters
Optimization goal

Optimization method



Model parameters

Crystal (unit cell)

Non-atomic model parameters (Bulk solvent, anisotropy, twinning)
- Macromolecular crystals contain ~20-80% of solvent (mostly disordered)
- Crystal-specific: description of anisotropy or twinning
Atomic model parameters
- Position (coordinates)
— Mobility (ADP; Atomic Displacement Parameters)

- Disorder (occupancies)



Model parameters — Bulk solvent and anisotropy

Macromolecule region

/Solvent region

Flat Bulk Solvent model (currently best available and most popular model):

- Electron density in solvent region is flat with average value kgo, (€/A3)
- Solvent mask: a binary function: 0 in Macromolecular and 1 in Solvent region

- Fyask are structure factors calculated from Bulk solvent mask

— Contribution to the model structure factor: _BsoL 8
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- By, is another bulk solvent parameter defining how deeply bulk solvent
penetrates into a Macromolecular region



Non-atomic model (Bulk solvent and anisotropy)

= Total model structure factor used in refinement, R-factor and map

calculation: ,
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Fyoper = KoveraLL® FCALC_ATOMS + KgoL€ Fuask
Anisotro Bulk-solvent contribution
Py

= Contribution to R-factor :

Effect of Anisotropic scaling (PDB: 2mhr) Effect of Bulk Solvent
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Non-atomic model parameters: Twinning

» "Twins are regular aggregates consisting of crystals of the same species
joined together in some definite mutual orientation" (Giacovazzo,1992).

» A twinned crystal contains two or more identical single crystals in different
orientations.

= Parameterization:

- Twin law: a description of the orientation of the different species relative
to each other. This is an operator (matrix) that transforms the hkl indices
of one species into the other.

— Twin fraction: the fractional contribution of each component.

» The observed intensity is a weighted sum of the intensities of two reflections,
h and Th (its twin mate): I zs(h) = (1-a)I(h) + al(Th)
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Atomic model parameters

Extract from PDB file: example of an atom representation

ATOM
ANISOU

25 CA PRO A 4 31.309 29.489 26.044 1.00 57.79
25 CA PRO A 4 8443 7405 6110 2093 -24 -80

Atomic model parameters

- Position (coordinates)

- Local mobility (ADP; Atomic Displacement Parameters or B-factors):

Diffraction data represents time- and space-averaged images of the
crystal structure: time-averaged because atoms are in continuous
thermal motions around mean positions, and space-averaged
because there are often small differences between symmetry copies
of the asymmetric unit in a crystal. ADP is to model the small
dynamic displacements as isotropic or anisotropic harmonic
displacements.

- Larger-scale disorder (occupancies)

Larger displacements (beyond harmonic approximation) can be
modeled using occupancies (“alternative conformations/locations”).



Atomic model parameters

Atomic model parameterization is defined by:

- quality of experimental data (resolution, completeness, ...)
— quality of current model (initial with large errors, almost final, ...)

- data-to-parameters ratio (restraints have to be accounted for)

Can you see it in the map?

- ~0.01A deviations from ideal bond lengths at resolutions ~ 2A?

— anisotropy of individual atoms at resolutions 2A and lower?



» Choice for model parameterization depends on amount of available data

and its resolution

Model parameters

Key resolution limits and corresponding features

High Size of details Features of images Mean
res., A Nref/at
~(0.7 half of a X-X bond deformation density 140
~0.9 X-H bond some deformation density 75
~1.0 H atoms 60
~1.2 shortest covalent bond | individual atoms 40
~1.5 C,-C 25
~2.0 most of ordered solvent 12
~2.5 distance N-Cg, C-C,, clear side chains 7
N-O, C_-O
~3.5 inter-C_-distance side chains may be guessed
~4.5 distance between main chain 1.5
chains
~6 a-helices 0.9
~12-15 0.1
~20 small domains molecular envelopes 0.05




Data quality (resolution, completeness) defines how detailed the model is

Resolution

- High resolution: atomic models with or without restraints
- Medium resolution: atomic models with restraints or constraints

- Low resolution: atomic models with constrains or non-atomic models
(cylinders for secondary-structure elements such as helices)



Data quality (resolution, completeness) defines how detailed the model is




Model parameterization: coordinates

Individual Constrained rigid bodies (torsion
atoms angle parameterization)
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Some a priori information may be needed:
- Stereochemistry restraints
- NCS restraints or constraints

Rigid body

6 * Ngroups



Occupancy: large-scale disorder that cannot be modeled with harmonic model (ADP)

= Occupancy is the fraction of molecules in the crystal in
which a given atom occupies the position specified in the
model.

= |f all molecules in the crystal are identical, then
occupancies for all atoms are 1.00.

» \We may refine occupancy because sometimes a region of the molecules may
have several distinct conformations.

» Refining occupancies provides estimates of the frequency of alternative

conformations.
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Atomic Displacement Parameters (ADP or “B-factors”)

= Atomic displacements are » Hierarchy of atomic displacements
anisotropic
Z atom
T y residue
Y <> — domain
~ molecule
o(Ar) ~ exp{-Ar , U-1Ar} crystal
(U11 Ui, U13\
U= | Uy Uy Uy
\U13 U23 U33J

» Typically three components are considered:

Artotal = Ar'crystal +Ardomain + Ar'atom




Model parameterization: Atomic Displacement Parameters (“B-factors”)

= Hierarchy of atomic displacements atom )
residue
domain > Total atomic displacement
molecule
crystal
/

= Currently one can split and distinguish only a limited number of movements

Ar'total = Arc:rystal +Ardomain + Aratom

Total movement (Utotar) Collective movement (U;.s) Local movement of
independent atoms (Uarom)

— +



Atomic Displacement Parameters (ADP or “B-factors”)

= Total ADP  U;gr = Ugryst + Ugrour + YUiocal

Uroma
ULOCAL l"'GROUP UCRYST
B
]
isotropic anisotropic
UTLS lJLIB USUBGROUP

= Ucgryst — Overall anisotropic scale (6 parameters).

= U g —rigid body displacements of molecules, domains, secondary structure
elements. U g =T + ALAt + AS + S'A! (20 TLS parameters per group).

* U ocaL — local vibration of individual atoms.

= U, — librational motion of side chain around bond vector.



Structure refinement

1. Model parameters
2. Optimization goal

3. Optimization method



Refinement target function

= Structure refinement is a process of changing a model parameters in order
to optimize a goal (target) function:

T = F(Experimental data, Model parameters, A priori knowledge)
- Experimental data — a set of diffraction amplitudes Fobs (and phases, if
available).
- Model parameters: coordinates, ADP, occupancies, bulk-solvent, ...

- A priori knowledge (restraints or constraints) — additional information that
may be introduced to compensate for the insufficiency of experimental data
(finite resolution, poor data-to-parameters ratio)

= Typically: T'= Tpara + W TresTrAINTS
- Epaqp relates model to experimental data
- Erestraints represents a priori knowledge
- w is a weight to balance the relative contribution of Epara @and EggstrainTs

= A priori knowledge can be imposed in the form of constraints so
I'= Epara



Target function

I'=15,ra + WlgpsrraANTS
= east-Squares (reciprocal space)

T, = E Ws( FSOBS _k FSMODEL)2

- Widely used in small molecule crystallography

- Used in macromolecular crystallography in the past

= Better option (for macromolecules): Maximume-Likelihood (reciprocal space)

2 ( -~ MODEL \?
| e F. 2 FMOPEL F0BS
Toara = Y, (1-K)| - (8/3 ) +In| 1, ”8/3 S +
2 ( 1~ MODEL \*
a’(F. 7 MODEL [>08S
+K ' - ( ) + In| cosh| &7 :
285/:))S ES/D)S

= Real space target

2
Tpara = E(Iobest - kpcalc)

grid points

Puest - DESt available map: experimental, 2mFo-DFc
Peaic - Calculated map from current atomic model



Toara: Least-Squares vs Maximum-Likelihood

» Removable Errors (never the case for macromolecular model, common for small molecules)

Complete Least-Squares Target Complete
model before ——— quel after
refinement refinement
» Irremovable Errors (always the case for macromolecular models)
Least-Squares Target
e —

Partial model Partial model
before after
refinement '

Maximum-Likelihood refinement

Target

e —

Final model is less affected
by incompleteness (by
missing atoms)

Model is completed *, .
statistically (implicitly)



Toara: Least-Squares vs Maximum-Likelihood

» Why Maximume-Likelihood target is better than Least-Squares (in a
nutshell):

- ML accounts for model incompleteness (missing, unmodeled atoms) while
LS doesn't;

- ML automatically downweights the terms corresponding to reflections with
the poor fit (poorly measured inaccurate Fogg, high resolution reflections at
the beginning of refinement, etc.)

= R-factors in LS and ML refinement:

- R-factor is expected to decrease during LS based refinement, since the LS
target and R-factor formula are very similar:

P E‘FOBS - FMODEL‘ LS = E(FOBS — FMODEL)2

E FyiopeL

- In ML based refinement the R-factor may eventually decrease (and this is
what typically happens in practice) but this is not implied by the ML target
function




Real-space refinement

2

Why real-space refinement? T- 2( Ppoet — kpcalc) +T

RESTRAINTS
grid points

« Can be done locally (for example, for a residue or ligand), therefore can be
very fast and target only problem places.

« Grid search can be used, therefore convergence radius can be increased
compared to gradient-driven refinement or SA (discussed later)

« Ordered solvent (water) update can be enabled at earlier stage

®



Real-space refinement

Real space refinement target T=w E( Prost — k/ocalc)2 + TREsTRAINTS

grid points
Puest IS Dest available map: experimental, 2mFo-DFc, ...
Peaic IS calculated map from current atomic model

Fitting p.,c 10 Pt May be problematic because the exact p_, . computed from atomic
model and its Fourier image (p,.s;) may look very different depending on resolution and
data completeness:

... S0 using the exact p_,. directly computed from atomic model may not be a good
idea.



Real-space refinement

Solutions:

- Resolution and completeness dependent analytical functions for p.,. (M.S.
Chapman; used in RSRef — a real-space refinement extension of CNS)

- Compute p_,. = FT(Fyope.) that naturally accounts for resolution and completeness.

Alternative — more simplistic target that moves atoms to the closest density peak:

T=-w 2 Prest

atoms

computed at atom center + TRESTRAINTS

- Fast (no need to re-compute p_,. €ach time an atom moved)

- Uses only one map (no issues related to dissimilarity of p., and p,. due to
resolution)

- Less accurate since doesn’'t use shape of electron density (moves atoms to the
closest density peak without considering how similar that peak is to expected
density. May not be applicable at low resolution where the atomicity of the map is
lost (no distinct peaks corresponding to atoms, but rather sphere and tube-like

shapes).



Restraints in refinement of individual coordinates

— *
EioraL = W *Epara + EResTrRAINTS

Fourier images at different data resolution

P e

b T

‘, e
X

1:.37 E =Y

f
=

= A priori chemical knowledge is introduced (restraints) to keep the model

chemically correct while fitting it to the experimental data at lower resolution
(less resolution, stronger the weight W):

Erestraints = EsonotEancLetEpivepral T EpLanarimytEnonsonoept - - -

» Higher resolution — less restraints contribution (can be completely
unrestrained for well ordered parts at subatomic resolution)



Restraints in refinement of individual ADP (Atomic Displacement Parameters)
ErotaL = W *Epara + Egestraints

Refinement of isotropic ADP Refinement of anisotropic ADP

Restraints
—-

Restraints
-

v" A bond is almost rigid, therefore the ADPs of bonded atoms are similar (Hirshfeld, 1976);
v" ADPs of spatially close (non-bonded) atoms are similar (Schneider, 1996);

v" The bond rigidity, and therefore the difference between the ADPs of bonded atoms, is related to the absolute
values of ADPs. Atoms with higher ADPs can have larger differences (lan Tickle, CCP4 BB, March 14, 2003).

N

atoms | Matoms 1 (Ui _ Uj)2

ERESTRAINTS = E distance_power average_power
io1 | o1 T (Ui+Uj)

sphereR

2



Restraints in refinement of individual ADP

* A nuance about using similarity restraints

- Total ADP is: Urgra. = Ugryst + Ugrour + ULocal
- Similarity restraints should be applied to U ocal
- Applying it to Uo7, IS much less justified

cp + —
Cl2
Ca
Rigid-body libration around Small local atomic Resulting isotropic

Ca-CPB bond vector, Uggroup vibrations, U gcar equivalent, Urg7a.



Examples of constraints

- Rigid body refinement: mutual positions of atoms within a rigid groups are forced to
remain the same, while the rigid group can move as a whole. 6 refinable parameters
per rigid group (3 translations + 3 rotations).

- Constrained rigid groups: torsion angle parameterization. Reduction of refinable
parameters by a factor between 7 and 10.

- Occupancies of atoms in alternative conformations: occupancies of alternate
conformers must add up to 1.

— Group ADP refinement. mutual distribution of all B-factors within the group must
remain the same. One refinable B-factor per group.

— Constrained NCS refinement: a number of N NCS related molecules or domains are
assumed to be identical. Reduction of refinable parameters by a factor N.

— Do not confuse restraints and constraints
Constraints: model property = ideal value

Restraints: model property ~ ideal value



Refinement target weight

» Refinement target E;gra. = W *Epata + EResTRAINTS

- the weight w is determined automatically
— in most of cases the automatic choice is good

= |f automatic choice is not optimal there are two possible refinement outcomes:

— structure is over-refined: Rfree-Rwork is too large. This means the weight w
is too small making the contribution of Ep1a too large.

- weight w is too large making the contribution of restraints too strong. This
results increase of Rfree and/or Rwork.

- A possible approach to address this problem is to perform a grid search
over an array of w values and choose the one w that gives the best Rfree
and Rfree-Rwork.

= Arandom component is involved in w calculation. Therefore an ensemble of
identical refinement runs each done using different random seed will result in
slightly different structures. The R-factor spread depends on resolution and
may be as large as 1...2%.



Structure refinement

1. Model parameters
2. Optimization goal

3. Optimization method



Refinement target optimization algorithms

» Gradient-driven minimization

- Follows the local gradient.
- The target function depends on many parameters — many local minima.

. .
\ X Target function
profile
Local
minimum

Global minimum



Refinement target optimization algorithms
= Simulated annealing (SA)
- SAis an optimization method which is good at escaping local minima.

- Annealing is a physical process where a solid is heated until all particles are
in a liquid phase, followed by cooling which allows the particles to move to
the lowest energy state.

- Simulated annealing is the simulation of the annealing process.

— Increased probability of finding a better solution because motion against
the gradient is allowed.

— Probability of uphill motion is determined by the temperature.

Target function
\ I\ I\ profile
Deeper local
minimum

Global minimum



Refinement target optimization algorithms

» Grid search

Robust but may be time inefficient for many parameter systems, and not as
accurate as gradient-driven. Good for small number of parameters (2-3 or so),
and impractical for larger number of parameters.

Sample a pa.rameter solution
around possible values S @S
[XMIN’ XMAX] XMIN T T = XMAX
Target function
\ profile
Local
minimum

Global minimum



Grid search examples

» Real-space sampling to fit density

* Finding bulk-solvent kg5, and Bgg,
- Kgo, 1 [0.2, 0.6]
- Bgo 1 [10, 100]

2
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Minimization

Both minimization and
SA can fix it

Refinement convergence

Simulated Annealing

This is beyond the
convergence radius
for minimization

Real-space grid search

This is beyond the
convergence radius for
minimization and SA



Summary on refinement decisions

= Parameterization:

— Coordinates: restraints vs constraints (Rigid body or its special case -
Torsion angles)

— ADP: anisol/isotropic, groups, individual, TLS
— NCS: constrained, restrained, ignored

= Optimization algorithm:
— Simulated annealing
— Minimization (first or second derivatives methods)

= Target function:
— Chemical information (chemical restraints, NCS similarity)
— Maximum likelihood
— Experimental phases
— X-ray, neutron, joint X+N
— Real-space



Refinement - summary

= Refinement is:

- Process of changing model parameters to optimize a target function

- Various tricks are used (restraints, different model parameterizations) to
compensate for imperfect experimental data

= Refinement is NOT :

- Getting a ‘low enough’ R-value (for supervisors or referees)
- Getting ‘low enough’ B-values (for supervisors or referees)

- Completing the sequence in the absence of density



Typical refinement steps

* Input data and model processing:

- Read in and process PDB file

- Read in and process library files (for non-standard molecules, ligands)

- Read in and process reflection data file

— Check correctness of input parameters

- Create objects that will be reused in refinement later on (geometry restraints,...)

= Main refinement loop (macro-cycle; repeated several times):

- Bulk solvent correction, anisotropic scaling, twinning parameters estimation

— Update ordered solvent (water) (add or remove)

- Target weights calculation

- Refinement of coordinates (rigid body, individual) (minimization or Simulated
Annealing)

— ADP refinement (TLS, group, individual isotropic or anisotropic)

— Occupancy refinement (individual, group, constrained)

» Qutput results:

- PDB file with refined model

— Various maps (2mFo-DFc, mFo-DFc) in various formats (CNS, MTZ)
- Complete statistics

- Structure factors
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